The radiative association of C( 3 P) and H + is investigated by calculating cross sections for photon emission into bound ro-vibrational states of CH + from the vibrational continua of initial triplet d 3 Π or b 3 Σ − states. Potential energy curves and transition dipole moments are calculated using multi-reference configuration interaction (MRCI) methods with AV6Z basis sets. The cross sections are evaluated using quantum-mechanical methods and rate coefficients are calculated. The rate coefficients are about 100 times larger than those for radiative association of C + ( 2 P o ) and H from the A 1 Π state. We also confirm that the formation of CH + by radiative association of C + ( 2 P o ) and H via the triplet c 3 Σ + state is a minor process.
INTRODUCTION
The methylidyne ion CH + (methylidynium) is a prominent interstellar molecular ion and the mechanisms of its formation in various astrophysical environments continue to be of interest (Black & Dalgarno 1973; Stecher & Williams 1974; Dalgarno & Black 1976; Talbi & DeFrees 1991; Williams 1992; Tielens 2005; Indriolo et al. 2010; Nagy et al. 2013; Bacchus-Montabonel & Wiesenfeld 2013; Morris et al. 2016) . In particular, the formation of CH + by radiative association of C + and H,
was explored using collision theory some time ago by Bates (1951) and in subsequent improved calculations (Solomon & Klemperer 1972; Smith et al. 1973; Giusti-Suzor et al. 1976; Graff et al. 1983; Barinovs & van Hemert 2006) . No calculations, however, yielded a rate coefficient for the process (1) that was large enough to explain the observed abundance of CH + in diffuse interstellar clouds (Giusti-Suzor et al. 1976; Barinovs & van Hemert 2006) and, depending on the application, other formation mechanisms are now considered of more significance (Black & Dalgarno 1973; Dalgarno & Black 1976; Black & Dalgarno 1977; Stecher & Williams 1974; Williams 1992; Cecchi-Pestellini 2010; Nagy et al. 2013) . Prior studies of the reaction (1) considered transitions of the singlet symmetry molecular states A 1 Π → X 1 Σ + for E-mail: jbabb@cfa.harvard.edu † E-mail:bmclaughlin899@btinternet.com the radiative association process in C + ( 2 P o ) and H collisions, as the c 3 Σ + → a 3 Π transitions are expected to be insignificant (Giusti-Suzor et al. 1976 ). In Fig. 1 the potential energy curves of CH + correlating to C + ( 2 P o )+H are shown. The most recent calculations find that the rate coefficient for the radiative association process (1) is about ∼ 3 × 10 −17 cm 3 /s at 200 K (Barinovs & van Hemert 2006) , only a factor of two smaller than that of Graff et al. (1983) .
Another radiative association process leading to CH + , for which quantitative data on the rate coefficients are unavailable, is the radiative association of C( 3 P) atoms and protons
which takes place via initial molecular channels correlating to C( 3 P) + H + and final channels yielding CH + , namely d 3 Π → a 3 Π, d 3 Π → b 3 Σ − , and b 3 Σ − → a 3 Π, as illustrated in Fig. 1 . Inspection of Fig. 1 reveals that the triplet transition d 3 Π → c 3 Σ + is between two repulsive molecular states and does not lead to significant bound CH + . Stancil et al. (1998a) assessed radiative collisions between C( 3 P)+H + leading to C + ( 2 P o ) + H, but detailed calculations for the radiative association process (2) are not available. In the present paper, we calculate, using quantum-mechanical collision theory, the cross sections and rate coefficients for the radiative association process (2) via the d 3 Π → a 3 Π, d 3 Π → b 3 Σ − , and b 3 Σ − → a 3 Π transitions. For completeness, we also assess quantitatively the c 3 Σ + → a 3 Π transitions and confirm their insignificance for radiative association. 
THEORY
The quantum mechanical theory of radiative association is well-established. The cross section σ i→ f (E) for the process can be calculated using perturbation theory, see for example (Stancil et al. 1993; Nyman et al. 2015) ,
where the sum is over the initial rotational J, final vibrational v , and rotational J quantum numbers, i and f , respectively, denote the initial and final electronic states, and hν = E + |E v J | is the photon energy. The cross sections depend on the relative kinetic energy E = 2 k 2 /2µ of the C( 3 P) and H + (or in the case of the c 3 Σ + -a 3 Π states the C + ( 2 P o ) and H) colliders, with momentum k, where µ is the reduced mass. The statistical weight factors P i are 2 3 for the d 3 Π state, 1 3 for b 3 Σ − state, and 1 4 for c 3 Σ + state, S J,J are the appropriate line strengths (Cowan 1981; Curtis 2003) or Hönl-London factors (Watson 2008) , and c is the speed of light. The matrix element M iE J, f v J is given by the integral
where the wave function Φ f v J (R) is a bound state eigenfunction on the final electronic state, D(R) is the transition dipole moment function, and F iE J (R) is an energynormalized continuum wave function on the initial electronic state. The bound and continuum state wave functions may be computed from their respective Schrödinger equations (Mott & Massey 1965 ) using standard methods (Cooley 1961; Johnson 1977) . Rate coefficients are calculated by averaging the cross section over a Maxwellian velocity distribution and are given by
where k B is the Boltzmann constant.
CALCULATIONS

Molecular Structure
The low-lying potential energy curves of CH + , X 1 Σ + and A 1 Π, have been extensively studied, see, for example, Elander et al. (1977) ; Saxon et al. (1980) and the summary in Cho & Le Roy (2016) . Detailed calculations have also been performed for the excited a 3 Π and c 3 Σ + states by Green et al. (1972) ; Graff et al. (1983) ; Barinovs & van Hemert (2004) ; O'Connor et al. (2016) .
Extended calculations provide information on the b 3 Σ − state (Saxon & Liu 1983) and the d 3 Π state correlating to C( 3 P)+H + (Levy et al. 1985; Stancil et al. 1998a; Biglari et al. 2014) . Other recent sophisticated calculations include the quasi-degenerate many body perturbation theory (MBPT) approach of Kanzler et al. (1991) , the equation of motion coupled cluster (EOMCCSDT) method developed by Kowalski & Piecuch (2001) , the multi-reference perturbation theory (MRPT) used by Seleznev & Khrustov (2012) ; Seleznev et al. (2013) , and the effective (mass-dependent) calculations of Sauer &Spirko (2013) .
In order to perform dynamical calculations for the radiative association cross sections and rates for process (2), we require the potential energy curves (PECs) for the triplet states of the entrance and exit channels, and the transition dipole moment (TDM) coupling the states.
Some of the necessary data are available in the literature mentioned above. In particular, Biglari et al. (2014) used the quantum chemistry suites orca and gamess-us in multi-reference configuration interaction (MRCI) calculations with aug-cc-pV5Z (AV5Z) basis sets. We chose to calculate the potential energy curves and transition dipole moments using the MRCI approach with the molpro quantum chemistry suite, using AV6Z basis sets. In molpro, we use C 2v symmetry with the order of Abelian irreducible representations being (A 1 , B 1 , B 2 , A 2 ). In reducing the symmetry from C ∞v to C 2v , the correlating relationships are σ → a 1 , π → (b 1 , b 2 ), and δ → (a 1 , a 2 ). We employed the non-relativistic state-averaged complete-active-spaceself-consistent-field (SA-CASSCF)/MRCI method , available within the molpro quantum chemistry codes (Werner et al. 2015) , to take account of short-range interactions. In detail, for this cation, six molecular orbitals (MOs) are put into the active space, including four a 1 , one b 1 and one b 2 symmetry MO's with all electron active. The molecular orbitals for the MRCI procedure were obtained from the state-averaged-multi-configuration-self-consistent-field (SA-MCSCF) method. In our work the Davidson correction (+Q) (Langhoff & Davidson 1974) was also applied to all molecular states. The averaging processes is carried out for the lowest five ( 1 A 1 ), five ( 1 B 1 ), five ( 1 A 2 ), five ( 3 A 1 ), five ( 3 B 1 ), and five ( 3 A 2 ) molecular states of the molecular ion in C 2v . (Biglari et al. 2014) c Multi-configuration (MC) self-consistent field (SCF) + CI (Saxon et al. 1980; Saxon & Liu 1983) d Quasi-Degenerate (QD) many body perturbation theory (MBPT) (Kanzler et al. 1991) e Multi-reference (MR) single and double-excitation CI (MRD-CI) (Stancil et al. 1998a) f Equation of motion (EOM) coupled cluster (CC) with S, D and triple (T) excitations (Kowalski & Piecuch 2001) g Experiment, emission spectroscopy (Hakalla et al. 2006) h Empirical fit of spectroscopic, photodissociation, and translational spectroscopy data (Cho & Le Roy 2016) with energies converted from cm −1 using the factor 1.239842 × 10 −4 eV = 1 cm −1 . i Experiment, photodissociation spectroscopy of stored ions (Hechtfischer et al. 2007) Figure 2. Transition dipole moments for the CH + cation coupling the four low lying triplet molecular states, used in the present radiative association cross section calculations, as a function of internuclear distance. All quantities are in atomic units.
These MOs (4a 1 , 1b 1 , 1b 2 , 0a 2 ), denoted by (4,1,1,0), were generated from the state-averaging CASSCF process, and used to perform all the subsequent PEC calculations for all the electronic states in the MRCI+Q approximation. Fig. 1 shows the calculated PECs for several low lying singlet and triplet states of the CH + molecular ion as a function of internuclear distance. Table 1 gives a comparison of the equilibrium bond length R e , inÅ, and the dissociation energy D e , in eV, determined from our MRCI+Q work for a sample of lowlying states, namely; the X 1 Σ + ground state and the excited a 3 Π, A 1 Π, and b 3 Σ − states, with the recent MRCI work of Biglari et al. (2014) obtained using an AV5Z basis and with other previous work. Comparison of the present Table 1 with the calculations summarized in Table 2 of Stancil et al. (1998a) confirms that there has been substantial progress in the calculations for these electronic states of CH + in the last two decades. We include the much more precise empirical parameters R e and D e for the X 1 Σ + and A 1 Π states from the work of Cho & Le Roy (2016) , who analyzed all available spectroscopic, photo-association, and translational spectroscopy data, and who provide a more extensive summary of experimental and theoretical results for these states. Generally, we find that the present calculations yield larger values of D e and smaller values of R e than those from Biglari et al. (2014) .
Our calculated TDMs are shown in Fig. 2 for the triplet transitions of interest and they are in good agreement with those calculated by others using the MRCISD method (Stancil et al. 1998a; Biglari et al. 2014) , where available. The TDM connecting the b 3 Σ − state to the d 3 Π state is not available, evidently, in the literature and we list our calculated values in Table 2 .
As can be seen from Table 1 and Figs. 1-2 our results are in good agreement with other multi-reference CI studies providing further confidence in our molecular data for the dynamical calculations. 
Cross sections
In the present work, we require only the four low-lying potential energy curves (PECs) for the triplet a 3 Π, c 3 Σ + , b 3 Σ − , and d 3 Π molecular states of Fig. 1 , which are plotted in Fig. 3 as a function of internuclear distance. The necessary TDMs for the transitions are illustrated in Fig. 2 . It is apparent that the dominant contribution to the radiative association process (2) will come from the d 3 Π → a 3 Π transition, which has the largest transition dipole moment. Moreover, at initial thermal kinetic energies, the vertical Franck-Condon overlap and relatively small TDMs indicate that the c 3 Σ + → a 3 Π and d 3 Π → b 3 Σ − transitions will yield relatively small cross sections compared to the d 3 Π → a 3 Π transition. We evaluated equation (3) using the calculated potential energies and TDMs of Sec. 3.1. For values of R < 1.4 a 0 , we joined the calculated potential energies to the corresponding values for R = 1.0 and 1.2, where available, from Biglari et al. (2014) . For R > 10 a 0 , the appropriate longrange forms were used for the separating atom-ion pair. In particular, for C( 3 P) + H + , this corresponds to a R −3 quadrupole interaction added to the attractive R −4 polarisation potential (Gentry & Giese 1977; Levy et al. 1985) . For C + ( 2 P o ) + H, we used the the form − 1 2 α H R −4 , where α H = 9 2 is the static electric dipole polarisability of hydrogen. The potential energies for R < 10 were adjusted to match the long-range forms at R = 10, with the asymptotic energies taken from Table I , column 4, of Stancil et al. (1998a) . The TDMs were fit to inverse powers of the internuclear distance for R > 10 and extended to R = 1.0 and 1.2 using the values, where available, from Biglari et al. (2014) .
Triplet states of C( 3 P) and H +
Our calculated d 3 Π state is attractive at long-range (Levy et al. 1985; Sarre & Whitham 1988 ) with a shallow well at about 6.56 a 0 (see inset, Fig. 3 ) and the transition dipole moment is large. The radiative association cross sections for the d 3 Π to a 3 Π transitions are shown in Fig. 4 . For comparison, we calculated the radiative decay cross sections using the distorted wave optical potential approach as detailed by Babb & McLaughlin (2017) . The present results for radiative decay generally agree with those of Stancil et al. (1998a) ; being about a factor two larger than theirs at 10 −4 eV, though gradually becoming comparable for increasing energies, and being equal for energies above 0.1 eV. The differences may result from the use of different molecular potential energy data. From Stancil et al. (1998a) we can obtain an independent estimate of the radiative association cross sections. We subtracted their radiative charge transfer (denoted full quantum or "FQ") cross sections from their radiative decay cross sections (denoted optical potential distorted wave or "OPDW") given by, respectively, the solid line and dot- ted line with points in their Fig. 8 . In Fig. 5 we plot the present cross sections and the estimate so obtained and we find the agreement satisfactory for energies above 10 −2 eV. For lower energies, our values are about twice as large. The discrepancy may arise from the reliability of the subtraction procedure and the different molecular data used. The cross sections for radiative association for the b 3 Σ − to a 3 Π transitions are shown in Fig. 6 . Because the b 3 Σ − state is repulsive at long-range see inset, Fig. 3) , the cross sections drop off quite rapidly for energies lower than the potential energy local maximum of 0.109 eV (relative to the C( 3 P) + H + limit). Numerous resonances are seen at higher energies; however, as the cross sections are generally small, we did not investigate the resonances in detail. The radiative association cross sections are comparable to the radiative decay cross sections for this channel given in Fig. 8 We also considered the d 3 Π → b 3 Σ − transition and the calculated cross sections, shown in Fig. 6 , are very small due to limited Franck-Condon overlap. Levels of the b 3 Σ − state are predissociated by the c 3 Σ + state for v > ∼ 4, see Hechtfischer et al. (2007) for a detailed analysis, and the probability of forming levels with v < ∼ 4, which would decay to the a 3 Π state (Biglari et al. 2014) , is small. We ignored predissociation and radiative cascading and estimated the cross sections using the quantum-mechanical approach, Eq. (3), but a more detailed model including predissociation by the c 3 Σ + state and radiative decay from the b 3 Σ − state to the a 3 Π state might be warranted.
of Stancil
There is negligible radiative association between the d 3 Π state and c 3 Σ + state because both states are repulsive with shallow long-range wells and the transition dipole moment is small. The cross section can be no more than the radiative decay cross section, for which Stancil et al. (1998a) find about 10 −21 cm 2 at 10 −4 eV decreasing to less than 10 −23 cm 2 at 1 eV.
3.2.2 Triplet states of C + ( 2 P o ) and H We calculated the cross sections for radiative association from the c 3 Σ + to the a 3 Π state. The values are much smaller compared to those given in the previous section. We find that σ(E) is about 8×10 −28 cm 2 at 10 −3 eV to about 2×10 −28 cm 2 at 0.01 eV.
Rate coefficients
As we have shown, the d 3 Π → a 3 Π transitions dominate in the radiative association process (2). We calculated the rate coefficients for radiative association and radiative decay using Eq. (5). The results are given in Table 3 . . For the d 3 Π → a 3 Π transition, the present rate coefficients for radiative association and radiative decay compared to the rate coefficients from Stancil et al. (1998b) for radiative charge transfer (dots with guide line).
The sum of the rate coefficients for the radiative association and the radiative charge transfer processes should be approximately equal to the rate coefficients for radiative decay (Cooper et al. 1984) . As an additional check of our results, we examined the temperature dependence of the present radiative association and radiative decay rate coefficients and the radiative charge transfer rate coefficients of Stancil et al. (1998b) (who used using a different set of molecular data), see Fig. 7 . With increasing temperature, the radiative association rate coefficient diminishes and the radiative charge transfer coefficient increases, but their sum remains close to the radiative decay rate coefficient.
We fit the calculated rate coefficients to the formula (Novotný et al. 2013; Vissapragada et al. 2016) α(T) = a(300/T) Table 3 to better than ten percent across the temperature range from 10 to 10000 K.
DISCUSSION
We assessed the radiative association process for the possible triplet state transitions yielding CH + . The rate coefficients will be dominated by the d 3 Π to a 3 Π cross sections and their values for radiative association (2) were calculated. The rates for the d 3 Π → a 3 Π transition decrease from about 6.5 × 10 −15 cm 3 /s at 10 K to about 6.6 × 10 −16 cm 3 /s at 10000 K.
In our analysis, we ignored the effects of the spin-orbit splitting of the C( 3 P) atom and the consequent fine structure splittings of the d 3 Π state and b 3 Σ − state (Sarre & Whitham 1988) and their rotational coupling (Stancil et al. 1998a) , which may affect the validity of our results for low temperatures. However, in the cold interstellar medium the C( 3 P) atoms will be in the lowest level of the lowest term (Bates 1951) , which correlates with the d 3 Π state (Gentry & Giese 1977) , making it likely that the main channel for the radiative association process (2) will be via the d 3 Π → a 3 Π transition. The chance that the C( 3 P) atom and H + ion come together in the d 3 Π state, which we assumed to be 2 3 , would need to be adjusted accordingly.
In most astrophysical environments where formation of CH + is modeled, the carbon atoms are ionized before hydrogen atoms, hence the process (1) is dominant, when it is important, where the rate coefficients for the A 1 Π → X 1 Σ + transition are around 2 × 10 −17 cm 3 /s at 1000 K (Graff et al. 1983; Barinovs & van Hemert 2006) . Thus, while process (2) is faster than (1), its relevance will depend on the relative concentration of C versus C + ( 2 P o ).
SUMMARY AND CONCLUSIONS
The rate coefficients for the radiative association process (2) were calculated and found to be about 100 times larger than those for (1), though applicability would require an environment where neutral carbon exists in the presence of protons, which is the reverse of the usual case. An application might be to modeling the variation of the emission of atomic carbon with the cosmic ionization rate in metal-poor galaxies (Glover & Clark 2016) .
